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For a graph G of order n b 3, define P(k), 3 <k < ,z, to be the following property: 
d&x, y) =2>max{d(.q G), d(y, C)} > k/2 for all vertices x and .Y of G, where 
do@, y) is the distance between x and y in G. Geng-Hua Fan proved that if G is 
2-connected and satisfies P(k), then G contains a cycle of length at least k. In this 
paper, we prove that if G is 2-connected. a(G) d 12/2 and G satisfies P(n - 1) [resp. 
P(n)], then G is Hamiltonian [resp. pancyclic] with some exceptions. We prove 
also that if G is 3-connected and satisfies P(n + 1 ), then G is Hamilton-connected. 
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1. INTRODUCTION 
The vertex-set and the edge-set of a graph G are denoted by V(G) and 
E(G) respectively, while the order of G is denoted by u(G) = / V(G) I. 
The degree of a vertex x of G is denoted by d(x, G) and the distance 
d,(x, y) between x and y in G is the minimum length of a path of G joining 
x and y. 
For a subset A of V(G), let G(A) denote the subgraph of G induced by 
A.WewriteG-AinsteadofG(V(G)-A)andG-xinsteadofG-(x}.A 
and B being subsets of V(G), e(A, B) is the number of edges ab of G, with 
QE A and b t B. We write e(A, b) instead of e(A, {b}). 
Choosing an arbitrary orientation on a cycle C, if y is a vertex of C, then 
we denote by y + the successor of y and by y- the predecessor of y. Define 
Y VZ+“+ =(yht)+ for every integer h>O, with y”+ = y. yh- is defined 
analogously. 
Let n > 3 and k E [3, n] be integers. We say that a graph G of order n 
satisfies property P(k) if d,(x, y) = 2 implies max{d(x, G), d( y, G)} 3 k/2 
for every pair of vertices x and y in G. 
In order to give the results of this paper, we define some special graphs. 
K&,, is the complete bipartite graph K,,, minus one edge. 
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Let n > 7 be an odd integer. By %n we denote the family of graphs such 
that G E C$ if and only if u(G) = n and the vertex-set of G is the disjoint 
union of the sets A,, A,, B,, B,, and {a,, a,, 6) so that 
(i) IA,uBjI=(n-3)/2, i-1,2, 
(ii) lAi 132, i= 1, 2, 
(iii) G(A, u Bj) and G(A, u {ui}) are both complete subgraphs of G, 
for i=1,2andj=1,2, 
(iv) e(a,, u2) < 1, 
(v) IA, uA, l>(n-3)/2-e(u,,u,), and 
(vi) d(b, G) = 2 and the neighbours of b are a, and u2. 
Given an integer Y > 2, FAr is the graph with 4r vertices containing a 
complete graph Kz,, a set of r independent edges, denoted by E, and a 
matching between the sets of the vertices of Kzr and E, (cf. [ 1 I). 
M is the graph of order 9 depicted in Fig. 1. 
Observe that K,,2,n,2s K,2,nj2 and F, for n = 4r, r 3 2, are 2-connected, 
satisfy P(n) and are not pancyclic; all graphs in the family C!T& and the graph 
H are 2-connected, satisfy P(n - 1) and are not Hamiltonian. 
Geng-Hua Fan [ 1 ] has shown the following. 
THEOREM A [ 11. Let G be a 2-connected graph with n 3 3 vertices and 
let 3 <k < n. If G satisfies P(k): 
d,(u, v)=2+max(d(u, G), d(v, G)) >k/2 
for each pair of vertices u and v in G, then G has a cycle of length at least k. 
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In particular, every 2-connected graph of order n 3 3 satisfying P(n) is 
Hamiltonian. 
2. RESULTS 
In this paper, we shall prove the following theorems. 
THEOREM 1. Let G be a 2-connected graph w’ith n 3 3 vertices and 
independence number cc(G) < n/2. If G satisfies P(n - 1): 
d&u, ~‘)=~max(d(u, G), d(v, G)) >(n- I)/2 
for every pair of vertices u and u in G, then either G is Hamiltonian or 
GE$ or else G is isomorphic to H. 
THEOREM 2. Let G be a 2-connected graph of order n > 3. If G satisfies 
P(n): 
d,(u, u)=2*max{d(u, G), d(v, G)} an/2 
for every pair of vertices u and v in G, then G is pancyclic unless n = 4r, 
r > 2, and G is Fdr, or n is even arld G = K ,,,2.,,,2 or else n >, 6 is even and 
G = Ki,z,ii:~ . 
THEOREM 3. Let G be a 3-connected graph of order n 3 4. If G satisfies 
P(n + 1): 
d,(tl,v)=2*max(d(u,G),d(v,G)}>(n+1)/2 
for every pair of vertices u and v in G, then G is Hamiltonian-connected. 
3. PROOFS 
First we prove two lemmas. 
LEMMA 1. If a graph G of order n 3 4 has a cycle C of length n - 1, SIX/I 
that the vertex x not in V(C) has degree at least n/2, then G is panq&ic. 
Proof: Let C = X, .x~ . . x,, , s, and suppose there is p, 3 6 p < n, such 
that G has no cycle of length p. We have e(x, -yi) + e(x, x,, pi ?) < 1, for 
every i = 1, 2 ,..., n - 1, i considered mod n - 1. Then 
n/2 < d(x, G) = f 1 [e(x, x,) + e(x, xi+ p .- 2)] d (n - 1 l/2, 
a contradiction. i 
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bMMA 2. Let G be a 2-connected, non Hamiltonian graph bt’ith n 3 4 
vertices satisfying P(n - 1): 
dJu, v) = 2 3 maxid(u, G), d(v, G)} > (n - 1)/2 
for every pair of vertices u and v in G, and such that for every cycle C of 
length n - 1 in G, the vertex not in C has degree at most (n - 2)/2. Then 
either GE $ or G is isomorphic to the graph H. 
Proof: Let G be a graph satisfying the hypothesis of Lemma 2. By 
Theorem A, G contains a cycle C of length n - 1. Let x be the vertex of G 
not in C: we must have 2 < d(x, G) d (n - 2)/2, thus n 3 6. Choosing an 
arbitrary orientation on C, define y, , J 2,...r y, (k > 2) to be the neighbours 
of x. Since x, y :, yl,..., yc is an independent set, d&x, yt ) = 2 for every 
i = 1, 2,..., k and by the hypothesis d(x, G) 6 (n - 2)/2, we have d(y+, G) > 
(n- 1)/2 for all i> 1. 
Since G is not Hamiltonian, it is easy to see that 
(1) e(y:,z+)+e(y:,z)<l for every zEA={y:, y:+,..., y:I+}, 
where h is the minimum integer such that yt+ = y;, and 
(2) e(y:, z)+e(lf:, z’)< 1 for every ZE B= (y’, y:+,..., yy}, 
where 1 is the minimum integer such tat y:’ = y;. 
As y:x$E(G) and y:x$E(G), (1) and (2) imply 
n-l<d(y:,G)+d(yz,G)= 1 Ce(y~,~+~+e(y~~~)l 
ZEA 
+ c C4Y :, z)+e(yj+, 3+)] 
:eB 
+e(y:, y,)+e(y:, y2)<h+1+2=n- 1, 
that means that all the inequalities above are equalities, in particular 
d(y:, G)=d(yzf, G)=(n- 1)/2 and n is odd. 
Ifd(x,G)>3, we have e(y:, y:)+e(y+,y:+)=l. Asy:y: $E(G), we 
deduce yc y: + E E(G) and G has a cycle of length n - 1 avoiding y: whose 
degree is at least (n - 1)/2, contradicting the hypothesis in Lemma 2. (An 
analogous argument shows that y: yT+ E E(G) since yc y:+ $ E(G).) So we 
can assume that d(x, G) = 2. 
Moreover, the arguments given above allow us to assume that whenever 
we have a cycle of length n - 1 in G, then the vertex not in this cycle has 
degree 2. 
Observe that y: and y’ have degree precisely (PZ - 1)/2 and are 
joined by a Hamiltonian path P in G, where P= y: y:+ ... 
yI;+y2xy, yFyF-‘)+ ... y’. (see Fig. 2.) 
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FIGURE 2 
For convenience, let P = x1 x2 . x,, , where x, = y:, x2 = yf +, and so 
on. We may easily deduce the following useful properties: 
6) 4x,, xi+ I )+e(x,,xi)= 1 for every i= 1,2 ,..., n- I, 
(ii) If e(x,, xi+, )+e(x,,xie1)=2 for some i~[2,n-11, then 
4~ G) = 2, 
(iii) x1x, _ I $ E(G) and x,x? q? E(G). 
Since x,x3 = y: y:+ EE(G), y:y, EE(G) and yTx$E(G), only 2 cases 
can arise. 
Case 1. There are i and j, j > i + 1, such that x1 x-- I E E(G), 
x,x,+~ E,?(G) and xlxk #E(G) for all k=i, it l,..., j. 
By (i) and (iii), we have i> 4 and j<n-- 3; by (i), x,,xk E,?(G) for all 
ke [i- l,j- 11; by (ii), d(xj, G)=2. 
Let us prove the following: 
STATEMENT. If z, rn is a Hamiltonian path of G such that there are i 
and j, i+f <j, zlzi-, EE(G), zIz,+, EE(G), z,z,c$E(G) ,for k=i, 
i+l,...,j, and d(z,,G)>(n-1)/2 thenj=i+l, d(zi+3,G)>(pz-l)/2 and 
d(zi- , , G) 3 (n - 1)/2. 
Proof CI~ Statement. Suppose j> i+ 2 and consider the Hamiltonian 
path 
Then (i) gives e(z,, z,,- ,)+e(z,, z,)= 1, hence zizi E E(G) contradicting 
d(z,, G) = 2. The statement follows. 1 
Subcase 1.1. d(x;, G)>(n- 1)/2. Thus j=i+ 1, d(x,+3, G)>(n- 1)/2 
and d(x,_,,G)>(n-1)/2. Let P’=x,x~...x~~,x,x,,_, “‘xi. Since 
xlxiwl EE(G), x,x, @E(G), x~x,~~ $E(G), x~x;+~ EE(G) and d(x,,, G)> 
(n - 1)/2, we have by statement x1x, _ 2 E E(G) and d(x, _ 3, G) > (n - 1)/2. 
Moreover d(x,- ,, G) = 2 since x,x, E E(G); now use P to obtain 
-x,x,-3 W(G). 
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If i + 3 < n - 2 then consider the Hamiltonian path 
to get by (i) I, ,.Y,,- 2. E E(G) (I,, I has degree 2). So take the 
Hamiltonian path 
and observe that x,, 3.~,, 4 E(G) implies by (i) xI.yi EE(G), but this con- 
tradicts the hypothesis in Case 1. 
Suppose i + 3 = n - 2 and note that then i is even (we know that n is 
odd). Refering to the Hamiltonian path 
x,x , + , x;+ 21, .K* . . . xi I-~i+zi-Y,+4-~,+3 
we have, by (i) and (iii), x,x, +? E E(G). 
Since x~.x;+~ E E(G), -x,x1 $E(G), xj.y2 $E(G) (for .Y,+~.Y~ E (C)l, 
X-K,. , E,?(G) and d(x,, G) 3 (n - 1)/2 we have by statement x,-y3 E E(G) 
implying d(x,, G)=2 (x,.Y,+~ E,!?(G)). If i=4, we obtain n=9 and G is 
isomorphic to H. 
Then suppose i>6. We have d(x,, G)> (n- 1 )/2 and d(.~;+~, G) 3 
(n - 1)/2. Taking the Hamiltonian path 
(i), and the fact that d(.~,+~, G)=2 we obtain s,+~s,+~ EE(G). A 
Hamiltonian cycle is then 
-~i+Z-~Y,+ 1 ” ‘-~l.~r+3.~,+4.~;+5.~rT2, 
a contradiction. 
Suhcase 1.2. n(xi, G) < (n - 1 )j2. We have x. 2-K; 4 E(G) for 
I,,.u;-, E E(G), x,x, , E E(G) and G is not Hamiltonian. Therefore, 
d(.~~~~~, G)>(n- 1)/2. d(.u;, G)=2 and x,s~+~ $S(G) imply d(.~~+?, G)> 
(IZ - 1)/2. So by considering the Hamiltonian path 
.K, ‘.Ki~i”‘.K,~K,+,Si”‘li~,~K,,.K,~~~ “‘.Ki+? 
and using the fact that x, ?.x,, $ E(G), we deduce x, + ?.Y, _~, E E(G). Then 
x1x* . xi ,x,+zx,+3 “‘x,rx;xi+] “‘x,+,.KI 
is a Hamiltonian cycle of G, a contradiction 
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Case 2. x,xipl EE(G), x,x,+, GE(G) and x,.Y;&E(G) for some 
iE[4,n-3). 
By (i), x,x;-, E/Z(G) and X,.X,-~ $E(G); by (ii), d(x,, G)=2 thus 
dlxi+2, G)>(n-1)/2 and d(xjp2,G)3(n-1)/2, so x,,xip3$E(G) 
[otherwise by (ii), 2 = d(xi_ 2, G) 3 (n - 1)/2]. 
Since otherwise Subcase 1.1 applies, assume e(x,,, {x, , .Y? ,..., X- ?j ) = 0 
and therefore e(x, , {x2, x3 ,..., -yip, } ) = i - 2. 
Consider the Hamiltonian path 
x x,-3 f-2 “.X-X.. ,x; “‘X,, 
and note tat x,,.x~ 4 E(G) implies by (i), -Y,~~x~+, E E(G); but since 
I, x2 “‘x;~2x,+,xi?ii~,x,,x,,~, “‘Xi+2 
is a Hamiltonian path of G, we must have x,xitZ &E(G), implying by (i) 
x,xi+ I E E(G) and by (ii), x,x;+ 3 $ E(G). Now, we can suppose that e(x,, 
{-Y;+2, xI+3>-., x,}) =0 otherwise Case 1 holds, thus e(x,,, {xi+ ,, x~+~,..., 
“,-,})=n-i-1. 
The degrees of x, and X, impose i = (n + 1)/2. 
For every k< i-2 and m> i+ 2, we have .xkx, +E(G) for 
XkXkp, .. ‘X,Xk+,Xk+~“‘X,,~,X,,X,,~, “‘X, 
is a Hamiltonian path of G. We deduce that [xi-, , xi, xi+, ) is a cut-set of 
G. Let M, = {x,, x2 ,..., xie2} and M, = {xi+?, x,+~ ,..., x,,}. We see that 
/M, 1 = I Mz / = (n - 3)/2 and the subgraph G(M,), j= 1,2, is complete 
since all the vertices of M, are adjacent to X, for j = 1, or to x,, for j = 2. 
For j= 1, 2, Mj can be partitionned in Ai u B,, in such a way that 
d(a, G) 3 (n - 1)/2 for every a E A, u A2 and d(b, G) < (II - 1)/2 for every 
bE B, u B,. Since x,, xiP2, x~+~, x, have degree at least (IZ - 1)/2, we have 
1 A, ) 3 2, j = 1, 2; moreover, taking a E A,, we have (n - 1)/2 6 d(a, G) d 
IA, (-1 +jB, (+e(a, (xi-,, +xi+,))<<lM, j+l and similarly (n-1)/2< 
/MzI+l, implying n-161M,I+IMz/+2=n-1, so that e(A,uA?, 
{x,-I, x;+,I)=2lA, VAX 1. 
If B, u 3, = @, then GE gm. 
So suppose B, v B, # @. No vertex of B,, j= 1, 2, is joined to 
(L,d,+d> so d(x;p , , G) = d(xi+ , , G)=IA,I+lA,/+l+ewheree= 
e(xjp,, x,+ ,). Since d,(xi-, , 6) = 2 for every b E B, u Bz, we get /A, 1 + 
/A, j + 1 + e > (n - 1)/2, so I A, I + I A, I 3 (n - 3)/2-e. Consequently 
GE%&. i 
Proof of Theorem 1. Let G be a non Hamiltonian graph satisfying the 
hypothesis of Theorem 1. By Theorem A, G has a cycle of length IZ - 1, say 
C = x, x2 x, _, x, . Let x be the remaining vertex of G. 
By Lemma 1, d(x, G) ,< (n - 1)/2. 
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If d(x, G) = (n - 1)/2, one can suppose that x is joined by an edge to 
each vertex of the set {x,, .x3, -x5 ,..., X, -2}. Then {x, x2, xq ,..., x,- 1> is an 
independent set with (n + 1)/Z elements, contradicting g(G) d n/2. 
So we can assume that for every cycle C’ of length n - 1, the vertex not 
in C’ has degree at most (n - 2)/2. The theorem follows by Lemma 2. 1 
Proof of Theorem 2. By Theorem A, G is Hamiltonian and since the 
result is immediate for n < 6, assume n 3 7. Denote by x an arbitrary vertex 
of G of degree at least n/2 and put G’ = G-x. 
For every y E V(G’) such that d( y, G) 3 n/2, we have 
d(y,G’)>n/2-l=((n-l)-1)/2=(v(G’)-1)/2, 
and this means that G’ satisfies P( n(G’) - 1). 
Suppose G’ is 2-connected, then by Theorem A, G’ has a cycle C of 
length at least yt - 2. We can assume that G’ is not Hamiltonian, otherwise 
the theorem follows by Lemma 1. So, C has length n - 2 and if we denote 
by y the vertex of G’ not in C, then d(y, G’) < (n - 2)/2, otherwise by 
Lemma 1, G’ would be Hamiltonian. 
If d(y, G’)=(n-2)/2, then n is even and assuming C=Z,Z~...Z,~~Z~, 
one can suppose that y is joined by edges to each vertex z,, z3, z~,..., znP3. 
It is not difficult to see that G is pancyclic if x is joined by an edge to two 
consecutive vertices of C, so that we can suppose 
n/2 6 d(x, G) = e(x, V(C)) + e(x, y) < (n - 2)/2 + 1 = n/2, 
implying X~E E(G) and x is joined to either each vertex of the set 
(=I, z3>-., 6-3) or each vertex of the set (zz, zq ,..., z,-?). 
We can check easily that in the first case, G is pancyclic, and in the 
second case, either there is a chord of C joining two vertices whose indices 
have the same parity and then G is pancyclic, or G is isomorphic to one of 
the graphs KQ.~P or K~,M~. 
So assume that for every cycle C of G’ of length n - 2, the vertex y not in 
C satisfies d( y, G’) < (n - 2)/2. 
Since G’ is assumed to be 2-connected, Lemma 2 implies that either 
G’ E $ P2 or G’ is isomorphic to H. Now, it suffices to note that n 3 8 and 
that every vertex t E A, u A, and every vertex of degree 4 in H (see Fig. 1) 
have degree at least n/2 and must be joined to x by an edge: G is clearly 
pancyclic. 
In what follows, we shall assume that for every vertex XE V(G) such that 
d(x, G) > n/2, there exists a cut-vertex y in G’ = G- x. Since G is 
Hamiltonian, G- {x, y} has exactly two components V1 and gz say. 
Note that at least one of these components contains a vertex of degree at 
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least n/2. Moreover, one can easily prove that if there are vertices t and U, 
t E V($?r ), u E V(%‘*), each of degree at least n/2, then G is pancyclic unless 
n = 4 and G = K2,2 [one can observe that in this case, u(V,) = II(%) = 
(n - 2)/2 and G[ V((e,)] and G[ V($)] are complete]. 
Hence we can assume that V, contains a vertex of degree at least 72/2 
while %$ has all its vertices of degree less than n/2. Therefore, ~(97,) 3 
(n - 2)/2 and G[ V($)] is complete. Thus, for every Hamiltonian cycle C 
[in which we choose an arbitrary orientation] of G and every x E V(G) 
such that d(x, G) 31~12, either d(x’, G) an/2 and d(x-, G) < n/2, or 
4x+, G) <n/2 and d(x-, G) 3 n/2. Moreover, every segment of C contain- 
ing only vertices of degree less than n/2, induces a complete subgraph of G. 
Let C=x,x, ... x,,x, be a Hamiltonian cycle of G and suppose without 
loss of generality that d(x,, G) 3 n/2 and d(x,,, G) 3 n/2. Also, suppose 
there is kE [3, n - 11, such that G has no cycle of length k. 
Assume k 2 4, for otherwise x, and x,, have no common neighbour and 
we prove easily that G is isomorphic to one of the graphs K,,,z,,,,z or K$z,,1,2. 
Furthermore, 
(e,) e(x,,Xi~k+3)+e(x,,,x,)~l 
for all i = k - 1, k,..., tz - 1 and since k 2 4 
ted e(.~,,~,+,,~~+,)+e(x,,,x~)~l 
for all i = 2, 3,..., k - 2, otherwise a cycle of length k would exist in G. 
(e,) and (e2) imply 
II- I 
n6d(x,,G)+d(,~,,,G)= 1 Ce(xl,x,-k+3)+e(-Y,,,,~,)1 
i=k-I 
k-2 
+ 2 [e(x,>-u,+,,~k+l ) + et-x,,, xi)l + 2e(.u,, -u,,) 
i=2 
<(n-k+2-l)+(k-2-1)+2=n 
All the inequalities above become equalities, in particular 
(e’,) e(x,, xPkt3)+e(x,,, xi)= 1 for all i=k- 1, k ,..., lz- 1, and 
(e;) e(x,,x;+,,_,+,)+e(x,,, xi)= 1 for all i=2, 3 ,..., k-2. 
We can write C=x,x, . ..x.x, =a,h,L,a,h,L2 ,..a,h,L,a, (p32) 
where for all i= 1, 2 ,..., p, bj = a+, d(a,, G) 3 n/2, d(h?, G) 3 n/2, while 
Lj = h,+bt+ ... hji+ (l, = v(L,)) contains uniquely vertices of degree less than 
n/2. 
Without loss of generality, put x,, = a,, X, = h,. By the arguments 
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presented above, G[ V(L,)] is complete and only hi , or b:_ 1 can be a cut- 
vertex in G - a, (i = 1, 2,..., p, i considered modulo p); similarly, one of ai or 
cli must be a cut-vertex of G - bjP,. 
If h,~ , is not a cut-vertex in G-a,, then define E, to be the set of the 
edges joining a vertex in V(L; r ) and a vertex in V= V(G) - V(L, ,) - 
a;-hi-, and note that E, # a. Since h,+_ , is a cut-vertex in G - ai, we 
have li _, > 2 and E, is the set of the edges between h:_, and V. But neither 
a, nor nI: is a cut-vertex in G - b,- r, a contradiction. 
Therefore, for all i= 1, 2 ,..., p, (imod p), {aj+ ,, hi} is a cut-set of G 
and f,(V(Li))~V(L,)u{ni+,,b,}, where Tc(X)={~~V(G)13x~X: 
XJJEE(G)}. 
Since x1x,, ~, $ E(G), we have by (e;), I,,x~ 7 E E(G) but the equality 
e(x,,, V(L,)) =0 obviously implies I, + 1 <k - 3. (e;) and )L-,~.x~ 4 E(G) for 
all i = 2, 3,..., I, + 1 imply ~,x,+,,~~~+~ E,?(G) for all i=2, 3 ,... -I, + 1. 
Hence x, is adjacent to 1, vertices which are consecutive on C. 
We shall prove that 1, ~2. 
Suppose the contrary. Then x, is adjacent to the 3 consecutive vertices 
-y,, ktl,' x ,I+k+,,+l, and x,~ mk+,,+2 which implies that rz-k+l, +2< 
1, + 3 then k = II - 1 but we get a contradiction since .)czxq E E(G). 
The arguments above remain true for each I!., so that we can suppose 
1 < Ii d 2 fo all i = 1, 2 ,..., p. 
First suppose 1, = 1 for some i E [ 1, p], for example 1, = 1. 
Suppose x,,.x,,+~ E E(G), then k <rz -2. By (e;), e(x,, x,,~ ,) + e(x,,, 
xk ?) = 1 and since x, .Y,~ ~ , $ E(G), we get x,,xk 2 E E(G). Furthermore, 
k - 2 3 3 because x,,x, # E(G), thus (e;) gives 4.x,, -y,, 2) + 
e(x,,, xkp,)= 1, so x,,xk m3 E E(G) for s,);,~+~ $E(G) [the cycle 
x, x2 . . . Xk 2 x,, x, of length k - 1 could be enlarged by inserting x,, z 
(recall that k - 2 d II - 4)]. Therefore, both of xk 2 and xx 3 have degree 
at least n/2 so that k - 3 > 3, cl(.~, 4r G) < n/2 and x,,xk 4 $ E(G); from 
(e;), we deduce x,x,, i E E(G) and the cycle x, x7 . .yk -,.Y,,.Y,~ 2-y,, 3 -II 1 
has length k, a contradiction. 
Assuming x,,.~,, 2 $ E(G), we see that G” = G - j-x,,, .Y,~ I ) satisfies 
P[u(G”)] (d(x,, r, G) = 2). Furthermore, G” is 2-connected: to see this, if 
x,,, is a cut-vertex of G”, then 2 < nz <n ~ 3, n/2 < n(x,, ~ z, G) <n -m - 1 
and 42<d(x,,G)<m, so that n<d(x,, 2,G)+d(x,,G)<n-l, a con- 
tradiction. So by Theorem A, G” is Hamiltonian. Let C” = ~7, y2 . . J’,, z ~1, 
be a Hamiltonian cycle of G”. 
If e(x,,, V(G”)) 3 (n - 1)/2, then G( V(G”) u {x,, ) ) is pancyclic by 
Lemma 1, and since k <n - 1, we get a contradiction. So suppose e(x,,, 
V(G”)) < (n - 2)/2 and observe that n/2 < d(~,~, G) = e(x,,, UC”)) + e(.x,,, 
s,! ~ I ) < n/2, thus e( x,, , V( G”)) = (n - 2)/2 and clearly 
(e3) e(-Y,,,~,)+e(.Y,,,L’r+x- J=l for all i=1,2 ,_._, n-2(imodn-2). 
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All the vertices of each L, (i = 1, 2,..., p - 1) are consecutive around C” 
for p 3 2 and there are exactly 2 vertices, h, and aj+ j, not in L, which have 
neighbours in Li. Now, it is easy to see that C” can be written as follows: 
where a= yI =xlimz =a;‘=b’, -, b;=a,‘+ (j=2, 3,..., p- 1) and L,,, 
Lql... km, are the segments L, , L2 ,..., L,- l (not necessarily in this order). 
Since x,,a’- $ E(G), x,,a 4 E(G), and x,,ar + $ E(G), we must have, by 
(e3) -~,~y~-~ E-!?(G), .‘c,,JJ-~ EE(G), and ~,,y~+] GE(G). If k=n- 1, (e3) 
and the fact that x,,y, $E(G) imply that x,, is adjacent to each vertex in 
the set (y2, y,, y, ,..., y,,- 2} and to no vertex in the set (y,, y,, yi ,..., 
Y,~-~) so, d(y,, G)342 [for d,(y,, x,,-,)=21, d(y,, G)>n/2 [fory, =a: 
for some i]. Then d(y,, G) < 12/2 and x,, y6 $ E(G) [otherwise, 
d,(y,, x,, ,) = 2 and d(y,, G) 3 n/2 a contradiction], contradicting 
x,, y6 E E(G). Suppose k 6 n - 2 (in fact k 6 n - 3). We observe easily that 
d(yk _ 3, G) 3 n/2, d(yk _. , , G) 2 n/2, and d(yk + , , G) 3 n/2 implying 
max{d( y,, G), d(y, _ z, G) 3 > n/2: a contradiction follows since ( yn _ ?I yl, 
yzf is the only triple of consecutive vertices on C”, each of degree at least 
1112. 
Suppose finaly that li = 2, for every i = 1, 2,..., p and note that n is a 
multiple of 4. 
If k=n- 1, then x~x,+~ $E(G) f or every i= 1, 2,..., Iz (imod n) and it is 
easy to see that d(v, G) = 2 for every u E U f= , V(L,). This implies that G is 
isomorphic to F4r. 
Hence k<n-2. Since k>4, we have by (e;), e(.~-,, x,,-~+~)+ 
e(x,,, x2)= 1 with x,,x2 $E(G), so x,x,,+~+~ FE(G), then n-k+3 <n-3, 
for n - k + 3 6 n - 1 and x, s,, _ i q! E(G), x, x,, ~ z $ E(G). This implies k > 6. 
(ei) gives e(x,, x,, _ k +4) + e(?c,,, x3) = 1, but since x,,x3 6 E(G), we get 
xl .x,,-~+~ E E(G). Both vertices x,,-~ +3 and xnPkt4 have degree at least 
n/2 implying that II -k + 3 is a multiple of 4, but since k < n - 2, we have 
IZ- k+ 3 > 5 (in fact n-k+ 3 > 8). By a similar argument, we obtain 
.Y~.x,-~+~ EE(G) and x~.x,,-~+~ E E(G) and one can insert .‘c5 in the cycle 
-XI-X,-k+3Xnpk+4 ... x,.)ci of length k - 1 in order to construct a cycle of 
length k in G, a contradiction. 1 
Proof ef Theorem 3. Let x, y E V(G), x # y. We shall prove that x and y 
are joined by a Hamiltonian path in G. 
Observe that if G’= G- {x, y} and d,,(u,, u2) = 2, then d(ui, G’) > 
(n + I)/2 - 2 = (v( G’) - I)/2 for i = 1 or 2, so that G’ satisfies P( a( G’) - 1). 
Let us consider two cases. 
Case 1. G’ is 2-Connected. 
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By Theorem A, G’ has a cycle of length n - 3 or n - 2. 
Suhcase 1.1. G’ is Harrdtonian. Let C = a, aZ ... a,_ *aI be a 
Hamiltonian cycle of G’. If for some i 6 [ 1, n - 21 (i mod n - 2), e(x, ai) + 
e(y, a;+,)=2, or e(x, a;)+e(y, ~~-~)=2, then a Hamiltonian path of G 
joining x and y is evident. So assume e(x, ai) + e(u, a,, ,) < 1 and 
e(x, a,) + e( y, ajp ,) < 1 for every i = 1, 2 ,..., n - 2 (i mod n - 2). We deduce: 
4.~ ‘3 +O, G)= 1 C e x, ai) + e(y, ai, ,)I + 24.6 v) <n, ( 
i= 1 
and we suppose without loss of generality that d( y, G) < (n + 1)/2. Since 
e(y, V(G’))<n-2, let ya,EE(G), yai+, $E(G) for some i~[l,n-21, 
(i mod n -2), for example i=n -2. We have d(a,, G) 2 (n + I)/2 and 
44 {a,, c3))=0. 
If for some Jo [l, n- 31, mi EE(G) and a,aj+, EE(G), then 
.Ya.,Uj-1 . ..a. a,+laj+2”‘a,l+2 2~ is a Hamiltonian path joining x and J’. So 
assume e(x, ai) + e(a,, ai+ ,) < 1 for every j= 1, 2 ,..., n - 3. Then 
4x,G)+4al,G)= 1 Ce(x,q)+4aj,ai+1)1 
i= I 
+4x, {a,, a,,-2, y))<n- 1 
and we deduce d(x, G) < (n + 1)/2. 
Since G is 3-connected, we can choose j# n - 2 so that xaj E E(G), 
xa., + , # E(G) and deduce that d(aj+ , , G) 3 (n + 1)/2. 
Since otherwise a Hamiltonian path between x and y exists, let us sup- 
pose that 
ecu,, ak+l)+e(aj+l, a,)<lforeveryk=1,2,...,j-land 
e(a,,a,)+e(uj+,,a,+,)~1foreveryk=j+1,j+2,...,n-3;then 
n+l Qd(a,, G)+d(aj+,, G) 
j- 1 
= c [Ie(a,,ak+,)+e(a,+,,ak)l 
k=l 
n-3 
+ 1 [e(a,,ak)+e(a,+,,ak+,)l 
x-=/+1 
+e(a,, ia,,-2,-x, yj)+e(a,+,, {aj,X, y>) 
<(j-l)+(n-3-j)+2=n-2, 
a contradiction. 
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Subcase 1.2. G’ is not Hamiltonian. We assume n > 6 since this subcase 
is easy to check for smaller n. 
Denote by C = b, b, . b,, _ 3 bl a cycle of G’ of length n - 3 = I]( G’) - 1 
and by z the vertex of G’ not in V(C). By Lemma 1, we must have 
d(z, G’) d (n - 3)/2. 
If d(z, G’) = (n - 3)/2, then we can suppose that z is adjacent to every 
vertex in the set {b,, b,, b, ,..., bnm4}, so that B = {b,, 6, ,..., b,,-,} is an 
independent set: by the hypothesis of the theorem, there is b E B with 
degree at least (tz + 1)/2 (in G), so d(b, G’) 3 (n + 1)/2 - e(b, (x, y ) ) > 
(n + 1)/2 -2 = (n- 3)/2. Since there is a cycle C’ of G’ of length IZ - 3 
avoiding b, we must have d(b, G’) = (n - 3)/2, then bxE E(G) and 
by E E(G). Now, use C’ in order to find a vertex 6’ in V(C’) with degree at 
least (n + 1)/2 in G (b’ exists and may be z): as above, we get b’x E E(G) 
and b’y E E(G), a Hamiltonian path joining x and .V in G is immediate. 
Assume that for every cycle of length n - 3 in G’, the vertex of G’ not in 
C has degree in G’ less than (n- 3)/2. Then Lemma 2 applies, so that 
G’EG$-z or G’ is isomorphic to H. Hence we note that n 3 9 and that 
every vertex t E A, u A, and every vertex of degree 4 in H (see Fig. 1) have 
degree at least (n + 1)/2 and must be joined to x and y by edges: clearly x 
and y are joined by a Hamiltonian path. 
Case 2. G’ is Not 2-Connected. 
Let z be a cut-vertex in G’. G - x is a 2-connected subgraph of G which 
satisfies P(v(G - x)). By Theorem A, G - .Y is Hamiltonian; so let C = 
h,b,... b,,-, b r be a Hamiltonian cycle of G - x with b i = 4’ and bk = 2, for 
some k, 36kbn-2. 
Since (x, y, z> is a cut-set of G, b,b, $ E(G) for all ie [2, k - 1 ] and 
j E [k + 1, n - 11. In particular, b, _ I b, + , $ E(G) so that we can suppose 
without loss of generality, d(bk ~, , G) > (n + 1)/2 implying k 3 (n + I )/2 
since d(b, _ , , G) d k. 
A Hamiltonian path joining .Y and 1’ is trivial if .~h,,- i E E(G). So, sup- 
pose xb, _ , $ E(G). Since G - {y, z} is connected, there is an integer 
j, E [k + 1, n -23 such that xb,, EE(G); choose j, maximum. If 
b n-, bjOp 1 E E(G), then one can find easily a Hamiltonian path between x 
and Y, thus suppose b,- , b,*- I 4 E(G). Now, let j, be the ma.ximum integer 
such that h, , b,, $ E(G). Obviously k d j, - 1 d j, d n - 3 and since h, , 
is not adjacent to any bi with 2 <i< k- 1, we verify easily that 
d(b,-,,G)<(n+ 1)/2. 
By the maximality of j,, we have b,,+ , hi, + 1 E E(G), hence 
dc(b,,p,, hi,) = 2, so that d(b,,, G) > (PZ + 1)/2 and therefore jl = k 
(otherwise d(b,,, G) < n - k < (n + 1)/2) thenj, = k + 1. Thus xb, &E(G) for 
every i > k + 2 and h,, ,/I, EE(G) for every i>k+ 1. 
582h 42.2-4 
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Since G is 3-connected, (hk+ , , y> is not a cut-set of G, thus there is 
13 k + 2 such that zh, E E(G). So, 
Xh~,,h,,,~~~h,-,h,~-,h,z”‘h,h,h,, “‘h, (= y) 
is a Hamiltonian path joining x and y in G. 0 
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